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FOURIER INTEGRAL OPERATORS 
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Abstract. The local i^-mapping property of Fourier integral operators has been 
established in Hormander Tl' and in Eskin 12 . In this paper, we treat the global 
L^-boundedness for a class of operators that appears naturally in many problems. 
As a consequence, we will improve known global results for several classes of pseudo- 
differential and Fourier integral operators, as well as extend previous results of 
Asada and Fujiwara jT] or Kumano-go jl7| . As an application, we show a global 
smoothing estimate to generalized Schrodinger equations which extends the results 
of Ben-Artzi and Devinatz W, Wahher '77', and 



1. Introduction 

We consider (Fourier integral) operators, which can be globally written in the form 

(1.1) Tu{x)= [ [ e"f'^-'y'^^a{x,y,Ou{y)dyd^ (xeW), 

where a{x, y,C,) is an amplitude function and (j){x, y,^) is a real phase function of the 
form 

Note that, by the equivalence of phase function theorem, Fourier integral operators 
with the local graph condition can always be written in this form locally. Although, 
due to the nontriviality of the Maslov cohomology class, globally defined Fourier 
integral operators can not be written in this form with a globally defined phase (p, it 
is nevertheless convenient to still call them Fourier integral operators. It will be clear 
below how such operators naturally arise in global smoothing problems if we use an 
adaptation of the Egorov theorem. 

Local mapping property of the operator (jl.ip has been established in Hormander 
and in Eskin p!2|. One of the aims of this paper is to establish the global L^- 
boundedness properties of operators p.l|) . Analogous properties can be then easily 
obtained for adjoint operators as well. 

We will try to make as few assumptions as possible in the spirit of global L^- 
estimates for pseudo-differential operators (see Calderon-Vaillancourt [5^ , Childs [7] , 
Coifman- Meyer [8J, Cordes [HI). In fact, our CoroUarv 12.41 will not only extend these 
L^-boundedness results to more general operators (|l.ip . but will also reduce the 
number of assumptions on the amplitude in the case of pseudo-differential opera- 
tors, compared to the above mentioned papers (see also Sugimoto 25 ). Global 
L^-boundedness of operators p.l|) has been previously studied by Asada- Fujiwara 
[T], Kumano-Go [T7j. However, there one had to make a quite restrictive and not 
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always natural assumption on the boundedness of d^d^cf), which fails in many impor- 
tant cases. In Coriasco [TT] and Boggiato-Buzano-Rodino jl] such results are applied 
to obtain global estimates of solutions to some classes of hyperbolic equations. Here 
again one requires quite strong decay properties of derivatives of both phase and 
amplitude. We will remove all these assumptions and will give general L^-estimates. 
In fact, in global estimates of Section 2 we will actually impose only a finite number 
of conditions on the phase and the amplitude, compared to infinitely many in the 
above mentioned papers. 

As a consequence of our L^-estimates, we can treat canonical transforms. Operators 
that appear there are of the form with phase function 

(1.2) <t^{x,y,i) = x-i-yp{i)^^^^^ 



where p(^) is a positively homogeneous function of degree 1. If we take p(^) = |^|, 
then we have (f){x,y,^) = x ■ C, — y ■ ^, and the operator T defined by p.ll) is a 
pseudo-differential operator. Furthermore, the operator T with general (jl.2p is used 
to transform the Fourier multiplier 

to the Laplacian —A, where Fx {F^^ resp.) denotes the (inverse resp.) Fourier 
transform. In fact, we have a relation 



T-(-A)-T-^ = L 



p 



under a certain condition on p(^) if we take 1 as the amplitude function a{x,y,C,) 
(see Section 4). The L^-property of the Laplacian is well known in various situations. 
Our objective is to know the L^-property of the operator T, so that we can extract 
the L^-property of the operator Lp from that of the Laplacian. This approach allows 
to give a general treatment of several smoothing problems, including those treated 
by e.g. Ben-Artzi and Klainerman [S], Simon ^22j, Kato and Yajima [15j, or Walther 

m 

We should mention here that the global L^-boundedness with example ()1.2p is 
not covered by previous results, for example, Asada and Fujiwara [T], and Kumano- 
go [T7j. The result of pj is motivated by the construction of fundamental solution 
of Schrodinger equation in the way of Feynman's path integral, and it requires the 
boundedness of all the derivatives of entries of the matrix 

dxdy(p dxd^cj) 
d^dy4> d^d^(j) 

For the details, see and references cited there. With our example ()1.2p . the 
boundedness of the entries of d^d^cp fails. On the other hand, the result of [T7] is used 
to construct the fundamental solution of hyperbolic equations, and it requires that 
J (y, = 'Pix, - (x -y) ■ ^ satisfies 



d^d^^J{y,0 <Cap{l + \^\y 
for all a and /5. Our example ()1.2p does not satisfy these estimates with a = 0. 
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In this paper, we develop a new L^-theory which does not require these decay 
assumptions. In particular, it includes the case of example (jl.2|) . For m G M, let 
L^(]R") be the set of functions / such that the norm 
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is finite. The following is a simplified version of our main result f Theorem 13. 1|) which 
is expected to have many applications: 

Theorem 1.1. Let the operator T be defined by where (fiy,^) E C°°(]R^ x R^) 

is a real-valued function, and a{x,y,^) E C°°(]R" x RJJ- x M^) . Assume that 

\detdydMy,0\>c>o, 

and all the derivatives of entries of dyd^(f are bounded. Also assume that 
\d^^{y,0\<Ca{y) forall\a\>l, 
\d^d'^dJa{x,y,C,)\ < Cq,/3^(x)"'°' for alia, (3, andj. 

Then T is bounded on L^(M") for any m G M. 

This theorem says that, if amplitude functions a{x,y,C,) have some decaying prop- 
erties with respect to x, we do not need the boundedness of d^d^cp for the L^- 
boundedness, as required in pp, and we can have weighted estimates, as well. (The 
same is true when both phase and amplitude functions have some decaying properties 
with respect to y. See Theorem 13.11 ) 

We explain the plan of this paper. In Section 2, we show the global L^-boundedness 
of a class of oscillatory integral operators, which generalizes a standard local result 
explained in Stein [231 ■ By using it, we prove various type of the L^-boundedness of 
Fourier integral operators. Some of them are extension of previous results on the L^- 
boundedness of pseudo-differential operators with non-regular symbols. It is worth 
mentioning that, in general, we do not necessarily need the standard homogeneity as- 
sumption for the phase function in the frequency variable. In addition, we impose the 
boundedness condition on only a finite number of the derivatives of phase functions, 
while infinitely many in 1] and |T7|. 

In Section 3, we state and prove our main result Theorem 13.11 We remark that 
it (together with Theorem 12. 5|) substantially weaken the assumptions for the L^- 
boundedness of SG pseudo-differential (as in Cordes [TU]) and SG Fourier integral 
operators (as in Coriasco fUl). These operators are used to handle the SG hyperbolic 
partial differential equations (roughly speaking, certain equations with coefficients of 
polynomial growth). The class of symbols S'G™^''"^ is defined as a space of smooth 
functions a = a{y,^) E C°°(M.y x M^) satisfying the estimate 

\d^ydja{y,0\ < ^^,(2/)™^"'^! (0™^"'"' for all (3 and 7. 
SG Fourier integral operators are operators of the form 

Tuix)= [ e'^^<+^^y'^'^^a{y,i)u{y)didy 
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(or its adjoint), where a G SG'^^''^^ and ip G SG^'^, which also satisfies 
G,{y) < {d^v) < G^iy), G,{0 < {dyip) < G^iO, 

for some Gi,G2 > 0. A result in for SG pseudo-differential and its extension 
in JI] for SG Fourier integral operators states that under these assumptions on the 
phase (j), and for a G SG^'^, the corresponding operator T is bounded on L^(]R"). 
Without going much into detail, let us mention here that statements of our results 
replace the strong decay assumptions G SG^'^, a G S'G°'°, by (a finite number of) 
boundedness conditions, for T to be still bounded in L^(]R"). 

In Section 4, we exhibit an example of how to use our main result. We mainly focus 
on the problem of global smoothing property of generalized Schrodinger equations 

f iidt + QiD))uit,x) = 0, 
\ u{0,x) = f{x). 

Ben-Artzi and Devinatz showed a global smoothing estimate to equation (|1.3|) . 
where the symbol Q{C) of Q{D) is a real polynomial of principal type. Walther |2H| 
consider the case of radially symmetric Q{C)- By using our result Theorem 13.11 we 
can treat more general case (see Theorem 14. 2p . More refined applications to this 
subject will be shown in our forthcoming paper [21] . In subsequent work [20] , we will 
establish properties of operators (jl.lj) in weighted Sobolev spaces, which will have 
several further applications of these results to hyperbolic equations as well as global 
canonical transforms. 



2. Global L^-estimates 

First of all, we confirm a basic result on the L^-boundedness of a class of oscillatory 
integral operators, based on the argument of Fujiwara ^H], which is a global version of 
a proposition in Stein p. 377]. Here and hereafter, the capital G (sometimes with 
some suffices) always denotes a positive constant which may differ on each occasion. 

Theorem 2.1. Let the operator I ^ he defined by 

(2.1) V(a;)= / e'^^'''y^a{x,y)uiy)dy, 

where a{x,y) G C°°(R" x R^), and 'p>{x,y) G C°°(M" x R^) is a real-valued function. 
Assume that 

\d:dla{x,y)\<G^p, 
for \[3\ < 2n + 1. Also assume that, on supp a(a;,y), 

\(\etdxdyip{x,y)\ > C > 
and each entry h{x,y) of the matrix dxdy!f{x,y) satisfies 

\d:hix,y)\<G^, \d^h{x,y)\<G^ 
for \a\, \j3\ < 2n + 1. Then the operator I^p is L'^{W^) -bounded, and satisfies 
WIJl^^l'. <C sup \\d:d^a{x,y)\\^^, y 

a\,\B <2n+l ^ ^1 
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Proof. Let g e C^(R") be a real-valued positive function such that {5'fe(2;)}fegZ", 
where gk{x) — g{x — k), forms a partition of unity. We decompose the operator as 

(j,fe)eZ"xZ" 

where = gjl<pgk, that is, 

I(j,k)u{x) ^ gj{x) J e''^^''''^'>a{x,z)gk{z)u{z) dz. 
We denote the adjoint of by that is, 

r^j,k)u(z) ^ gk{z) J e-^^^y'^^^^)gj{y)u(y)dy. 

Then we have 

hhk)Ili,m)u{x) = J K^^k),{i,m){x,y)u{y) dy, 

where 

K^j,kUi,m)ix,y)=g,ix)gi{y) [ e'^^^^^'^-^^^^'^^aix, z)'^^)gk{z)g^{z) dz. 



By integration by parts, we have 

J ^i^^i.,z)-^M)a[x, z)^:^)gk{z)gm{z) dz 

where L is the transpose of the operator 

tj^ ^ 1 d^'^{x, z) - d^^{y, z) _ ^ 
i\d^ip{x,z) - d:,ip{y,z)\^ 
Prom the assumptions, and using that 

dz(t>{x, z) - d^(f){y, z) = d^d^(f){w, z){x - y) 
for some we obtain 

\d^(p{x,z) - d^(p{y,z)\ > C\x - y\ 

and 

\d^^{x,z) -d^^{y,z)\ < C(3\x-y\ 
for 1 < \P\ < 2n + 2. Hence, we have 

\K,„kui,m){x,y)\ < CA^Yf\^^=W^^^^^ - 
where h e C^(M") is a positive function {h{x) = J g{z — x)g{z) dz), and 
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Then we have 

h{k — m 



sup j \K(^j^k),ii,m)ix,y)\dy < CA^j 

sup j \K^j^k),il,m)ix,y)\dx < C^'YT^737|2n+l 



2 h{k — m) 



which imphes 



\T r II ^rA^ h{k-m) 



Here we have used the following lemma (see Stein p.284]): 
Lemma 2.1. Suppose S is given by 

{Sf){x) = j s{x,y)f{y) dy, 
where the kernel s{x, y) satisfies 

sup / \s{x,y)\dy <1, sup / \s{x,y)\dx < 1. 

X J y J 

Then ||5'||^2^j;^2 < 1- 



By the same discussion, we have 



,2 h{j-l) 



Then we have 

||^-,fc)^(i,m)llL2-.L2' II^O»^('.™)IL2^i2 < CA^i-fij - l,k-m)y 

where 



7(J1,J2) = \ < , , ,, + 



l + |jl|2"+l l + |j2|2"+l 

and it satisfies the estimate 

X] 7(jl,j2)<00. 

(iij2)eZ"xZ" 

We have the desired result, by the following Cotlar's lemma (see Calderon and Vail- 
lancourt [H], Stein [SBl Chapter VII, Section 2]): 

Lemma 2.2. Assume a family of L"^ -bounded operators {Tj}j^ir and positive con- 
stants {7(j)}jeZ'' satisfy 

and 

Then the operator 

t=J2t, 
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satisfies 

\\T\\l2^l2 < M. 

□ 

By using Theorem 12.11 on oscillatory integral operators ()2.1j) , we can easily show 
the L^-boundedness of Fourier integral operators of special forms. Let us begin with 
the case when the amplitude a{x,y,C,) is independent of the variable y. 

Theorem 2.2. Let the operator T be defined by 

(2.2) Tu{x)= f [ e'^'^-'^+^^y^^^^a{x,Ou{y)dyd^, 

where a{x,^) e C°°(M^ x M^) andip{y,Cj G C^{W^ x M^). Assume that the pseudo- 
differential operators a(X, D) defined by 

a{X,D)u{x) = (271)-" [ [ e'^''-y^-^a{x,^)u{y)dyd^ 

Jr" Jr" 

and the oscillatory integral operator I^p defined by 

IM0= [ e'''^y^^\E{i)u{y)dy 

are both L"^ (M") -bounded, where Xe is the characteristic function of the set 

(2.3) E= [j E^ ] E^ = supp a{x, ■) C W\ 

Then T is L"^ {M.^) -bounded, and satisfies 



Proof. We remark that T = (27r)"a(X, D)F^^I^, where is the inverse Fourier 
transform. The L^(M'^)-boundedness of T is obtained from the assumptions and 
Plancherel's theorem. □ 

As a corollary, we have the result announced in Ruzhansky and Sugimoto [TU] . 

(s s') 

Now we recall the definition of the Besov space Bp^q for < p,q < oo and multi- 
indices (s, s'), where s = {si, . . . , sn) and s' = {s[, ■ ■ ■ , s'jy,). Let n = {ni, . . . , n^), 
n' = {n[, ■ ■ ■ , n'jy,) be splitting of M" and R^, respectively: 

n = ni + . . . + nj^ = n[ + . . . + n'j^, . 
Then / G B^^/^ = ^^"'^(M^"'"')) if / = f{x,0 e ^'(M^") and 

= I E f / / \^'-'^''-''^-'^iM^fix,OrdxdA'^'\ < oo. 

Here j = (ji, . . . , Jat), k = {ki, . . . , k^'), T is the Fourier transform with respect to 
(x, ^), is the inverse Fourier transform with respect to the dual variable (?/, 77), and 
*j,k = '^'j,k(l/, ri) = Qj^iyi) ■ ■ ■ Qj^{yN)Qki{'ni) ■ ■ ■ 0fc^^/ (w)- Here we split variables 
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J/,-?] G M" following the splitting n, n'. Functions Qi{z) G S form the dyadic system 
of the corresponding dimension: supp Oq C {z; \z\ < 2}, suppGj C {z; 2*~^ < 1^1 < 
2^+1} for i G N, J2Zo^ii^) = 1' and 2^l"l|9"ei(4l < Ca for alH > and all z. A 
natural modification is needed for p, g = oo, see |26i| . 



Corollary 2.3. Let 2 < p < oo. Let the operator T be defined by fl2.2|) . where 
(p{y,0 e C^{Ry X M^) zs a real-valued function, and a{x,^) G 5^y2-i/p)(n,n')^ 
swme i/iai, on M" x E, 

\detdyd^<^{y,0\ >C>0 
and each entry h{y,C,) of the matrix dyd^(f{y,C,) satisfies 

\d^h{y,0\<C^, dlh{y,i) 



for |a|, \f3\ < 2n + 1, where E is the set defined by (|2.3|) . Then T is L'^{W^) -bounded, 
and satisfies 



Proof. The L^-boundedness of T follows from Theorems 12.11 12.21 and the fact that 
pseudo-differential operators a{X,D) with a(x, ^) G -B^^^ g^j^g L^-bounded. 

See Sugimoto [2^. □ 

Corollary 12. HI is rather general but its conditions may be hard to check. On the 
other hand, conditions of the corollary below can be checked in various situations. 

Corollary 2.4. Let the operator T be defined by ^T^, where ip{y,i) G C^^W^ x M^) 
is a real-valued function. Assume that, on M" x E, 

\(\eidydi:'^{y,C}\ > C > 
and each entry h{y,C,) of the matrix dyd^ip{y,^) satisfies 



\d^h{y,0\<C^, d^^h{y,0 



/3 



for \a\, \ f3\ < 2n -\- 1, where E is the set defined by ()2.3|) . Also assume that a{x,^) 
belongs to the symbol class Sqq (that is, d'^d^a{x,^) G L°°(]R" x M^) for alia and (3). 
Otherwise assume one of the following conditions: 

(1) d^d^a{x, e L°°(M^ x M^) for a,p E {0, 1}". 

(2) d^d^a{x,0 G x M^) for \a\, \(3\ < [n/2] + 1. 

(3) d^d^a{x,^) G L^{W^ x M^) for \a\ < [n/2] + 1, P E {0, 1}". 

(4) d^d^a{x,i) E x M^) for a E {0, 1}", \f3\ < [n/2] + 1. 

(5) There exist real numbers X, X' > n/2 such that {1 — Ax)^^'^{l — A^)'^'^'^a{x, ^) E 
L°°{R2 X R^). 

(6) There exist a real number X > 1/2 and a constant C such that 

n 

||5:(/i)5f(/i')a(x,OIU»(MSxM^") n M'^'^W.P^ 
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holds for all a,(3 e {0, 1}" and all h = {hi,..., /i„), h' = {h[, . . . , h'J G M". 
Here S"{h) = S°^{hi) ■ ■ ■ S°^{hn) is the difference operator, with 

5l^{hi)a{x,i) = a(x,0, ^l^^d^ix, ^) = a{x + hid,^) - a(x,0, 

where Ci is the i-th standard basis vector in R". The definition of 5^ is similar. 
(7) There exists a real number 2 < p < oo such that d^d^a{x,^) G L^iW^ x R^) 
for\a\,\(3\ < [n(l/2-l/p)] + l. 

Then T is L'^{W) -bounded. 

Corollary 12.41 with <f{y,C) = ~y ■ C a. refined version of known results on the 
L^-boundedness of pseudo-differential operators with non-regular symbols; (1) with 
a,j3 E {0,1,2,3}" is due to Calderon and Vaillancourt 0, (2) and (5) are due to 
Cordes P, the difference condition (6) is due to Childs FTI, and conditions (3) with 

|a| < [n/2] + 1, /9 G {0, 1,2}", (7) with a < [n{l/2 - 1/p)] + 1, \f3\ < 2n are due to 
Coifman and Meyer [8J. 

Proof. The L^-boundedness under all conditions follows from Corollary 12.31 with dif- 
ferent choices of p and splitting of the spaces. In fact, conditions (l)-(6) are ob- 
tained with p = oo {N = N' = 1 in conditions (2), (5); = A^' = n in (1), (6); 

= 1,A^' = n in (3), and = n, A^' = 1 in (4)). Condition (7) is obtained from 
Corollary 12.31 by taking the same p and N = N' = 1. For more relations between 
symbol classes and Besov spaces, we refer to Sugimoto [25J and Triebel D 

We haye a theorem for amplitudes which are independent of the variable x, as well. 



Theorem 2.5. Let the operator T be defined by 

(2.4) Tu{x)= [ [ e^(^-«+^(^'«»a(i/,0^(y)«, 



1 ./TO" 



where a{y,C) G C°°(R;; x R^) , and <^{y,0 e C°^{^y x R^) is a real-valued function. 
Assume that 



dy^^a{y,0 



<C. 



for \a\, \P\ < 2n + 1. Also assume that, on supp a{y,^), 

\det dyd^ip{y,^)\ >C>0 
and each entry h{y,^) of the matrix dyd^(p{y,C,) satisfies 

\d^h{y,0\<C^, \d^^Hy,0\<Cp 
for \a\, \P\ < 2n + 1. Then the operator T is L'^iW^) -bounded, and satisfies 

d^ydla{y, 



\T\\^2^i^2 < C sup 

|a|,|/3|<2n+l 



9 



Proof. We remark that T = (27r)"F ^J^, where F ^ is the inverse Fourier transform 
and I^p is the oscillatory integral operator defined by 



The result is obtained from Theorem 12. II and Plancherel's theorem 



□ 



As a corollary of Theorems 12.21 and 12.51 we have a result for amplitudes which are 
of the product type. 



Corollary 2.6. Let the operator T be defined by 

Tu{x)= [ [ e^(^-«+^(^^'«))a(a;,2/,0«(y)«, 

y, = 0«2(l/) or a{x, y, = a2(x)ai(y, 0, 

where oi E C°°(M" x M"), aa G L~(M"), and ^ C°°(M;; x R^) zs a real-valued 
function. Assume that 



<c, 



for \a\, \(3\ < 2n + 1. Also assume that, on R" x E, 

\detdydMy,0\>c>o, 

and each entry h{y,^) of the matrix dyd^ip{y,^) satisfies 



\d'^h{y,0\<C^, d^^h{y,0 



<Cs 



for \a\, \P\ <2n + l, where 



E = [J E^^y ; E:^^y = supp a{x, y, 



Then T is L"^ {MJ^) -bounded, and satisfies 

||7'||^2^^2 < C sup 

|a|,|/3|<2n+l 



Proof. Note that T is a product of the multiplication of the function a2 and the 
operator defined by ()2.2|1 or ()2.4|1 . which are all L^-bounded by the assumption. □ 
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3. Weighted L^-estimates 



Asada and Fujiwara [1\ proved Corollary 12 . 61 without the product type assumption 
for a{x,y,^), but assumed the boundedness of all the derivatives of a{x,y,^) and 
that of each entry of the matrix d^d^ip. The following theorem, which is a generalized 
version of Theorem 11.11 says that we do not need the boundedness assumption for 
d^d^(p if a{x,y,^) has a decaying property. In this case, we have weighted estimates 
as follows. For m G M, we use the notation 

(x)-= (l + |xp)™/', 
and let L^(]R") be the set of functions / such that the norm 

ii/iL^(M") = f / \{xrf{x)fdx 

is finite. 



Theorem 3.1. Suppose mi, 1712 G M. Let the operator T be defined by 



(3.1: 



Tu{x) 



where a{x,y,^) e C°°(M" x k:: x 
function. Assume that 



A-<+^(y^^))a{x,y,Ou{y)dyd^, 
), and ^{y,0 e C"^(M^ x M^) is a real-valued 



|det dyd^ip{y, 0\ > C > onR" x E, 

where 

E = [J E^^y ; E^^y = supp a{x, y, ■). 

Also assume one of the followings: 

(1) For all a, [3, and 7, 

and for all \a\ > 1 and \13\ > 1, 

<Cp{y), \d'^d^^y^{y,0\<C^p on I 

(2) For all a, [3, and 7, 
\dXdJa{x,y,i)\ < C^p,{xr{yr--^P\ 

and for all a and \[3\ > 1, 

dyd^^viy.i) <C^p{yY~\-\ on x E. 



d^e^{y,0 



X E. 



Then T is bounded from L 



m+m,+m,i^n ^ L^(M") for any m G M. 
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Remark 3.1. From the assumptions for phase functions ip in Theorem 13. H we obtain 
the estimate 

(3.2) C^{y)<{d^y,{y,0)<C2{y) onR^ x E 

for some Ci,C2 > 0. In fact, the estimate {d^ip{y,C,)) < C2{y) is obtained from any 
assumptions (1) or (2). Especially, we have {d^ip{0,^)) < C. From the expression 

dMv^ - ^«<^(0) = dyd^'^{z, i)y 
with some 2; G M", we obtain 

<C\d^v{y,i)\+C\d^v{Q,i)\ 
by the assumptions for ip. Hence we have the estimate Ci{y) < {d^f{y,C,)), as well. 



Proof. We show the L^-boundedness of the operator defined by 
nu{x) = J j e'^^<+^^y'^H{x,y,i)u{y)dydi, 

where 

h{x,y,i) = {xra{x,y,i){y)'^^^^^^'^-\ 

By using the cut-off function x{^) ^ < 1/2) which is equal to one near the 

origin, we decompose h into two parts: 

h\x, y, = h{x, y, + d^^{y, 0)), 

h"{x, y, = b{x, y, 0(1 - x)((x + d^v{y, 0)/{dMy^ 0))- 

The corresponding decomposition of the operator Tf, is denoted by and T^^ re- 
spectively. 

On the support of b\x,y,^), we have \x + d^{p{y,C,)\ < {l/2){d^{p{y,^)), hence we 
have the estimates 

\x\ < \dMy,0\ + lidMy.O), IdMv^Ol < kl + ^idMy^O)- 

From the first estimate and estimate (|3.2|) . we obtain (x) < C{y). From the second 
estimate, we obtain {d^ip{y,^)) < 2{x) + {l/2){d^(p{y,^)), hence {d^ip{y,^)) < 4(x), 
which implies (y) < C{x) by ()3.2|) again. Thus we have the equivalence of (y) and 
(x), and obtain 

(3.3) \d:d;djb\x,y,0\ < 
or 

(3.4) \d:d^djb'{x,y,0\ < C^M'^^^ 

from the assumptions (1) and (2) respectively. 

We assume estimate (|3.3|) . Otherwise, assume (j3.4p and just change the role of x 
and y below. Let real-valued positive functions ^o{x), $a;(x) = ^{x/2'') {k, G N) form 
a partition of unity which satisfy supp $0 C {x; |a;| < 2}, supp $ C {x; 1/2 < \x\ < 2}. 
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We decompose into the sum of bl{x, y,C,) = ^k{x)¥{x, y, C,). By the equivalence of 
(x) and (y) on the support of , we can write 

bi{x,y,0 = '^k{x)b'{x,y,0^k{y) 

with functions §fc G which are of the from ^k{y) = ^{y/2^), § G C^(M"\0) 

with large k. Furthermore, we have 



bi{2'x, = ^u{2'x) J2 e'^-'^bkiiy, O^.iy), 

where is the characteristic function of the support of and 
bki{y,0 = J e-'^%{2\y,0dx 

= + I e-''%l-A,r{M'2'^)b\2'x,y,0}dx 

is the Fourier coefficients of the function b\^{2^x,y^^) in the variable x. Then, by 
estimate ()3.3j) . we have 

d'^dpu{y,0\<C^p{i + \i\^Y'\ 

where Can is independent of A;, Z G Z". Thus we have the decomposition 



where 



Tkivix 



fceZ" 

e^i^<+^(y'0\,{y,^)v{y)dydt 




We remark that 



^2 feGZ" 



|2 
IL2 



< C sup \\Tm\\12_^l2 P'fcM 



feGZ" 



2 

L2 



<c(i + |/p) 



2\-2n|| II 2 



L2 



by CoroUarv 12.61 Hence we have 



/GZ" 



that is, the L^-boundedness of T^. 

Next, we show the boundedness of T^^. Let p G be a real- valued function 
which satisfies 

fcGZ" 

We decompose b^\x,y,^) into the sum of 

bi'{x,y,0 = b'\x,y,Op{^-k) 
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and set 

We claim, we may replace bl\x,y,^) by the symbol (denoted by h{^{x,y,^) again) 
which has the same (or smaller) support and satisfies the estimate 

(3.5) \dP^dPydlhi\x,y,0\ < Co.^y{xr^''^'Hy)-^''^'\ 

where Cap-y is independent of G Z". Indeed, by integration by parts we have 

TM^) = J y"e*(^ «+^(^'«))L^6i^(x,i/,0w(?/)«, 
where L is the transpose of the operator 

i\x + d^ifl 

and iV is a positive integer. We have {d^ip{y,^)) < C\x + d^ip{y,^)\ on the support 
of b^\x,y,^), hence we have 

(x) <\x + dMv, 01 + m^iy^ 0) < c\x + d^y, oi, 

{y)<C{d^cpiy,0)<C\x + d^ipiy,0\ 

by estimate ()3.2p . Thus \x + d^ip\~^ is dominated by {x)~^ and {y)~^, and we can 
justify our claim by taking large A^. 

Let be the adjoint of T^, and we have 



TkTi*v{x) = I Kki{x,y)v{y)dy, T^Tiv{x) = / Kki{x,y)v{y) dy, 

where 



KHix,y) = j j j e'^^^-y-'^+^^^^^^-^^-^'^^Hi^x,^ 

Ku{x,y) = j j j e^{^(?'.0-^(-,'?)+-(e-.)}5//(^^ ^)^//(^^ ^) dzd^dr^. 



By integration by parts, we have 



^i{^(z^i)-^{z,v))^n^^^ z, i)h\\y, z, r/) dz 



where L is the transpose of the operator 

1 d,(f{z,^) ~ d,f{z,r]) 



^ — 2 ■ 

^ \(^z^{z,i) - d^^{z,^)\ 
From the assumptions, we obtain 

\dz^{z,i) -d^Lp{^z,r])\ > C\^-r]\ 

and 

\d^ip{z,0-d^M^,v)\<Cp\^~v\ 
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for all (3. From this argument and ()3.5|) . we obtain 

\K,i{x,y)\<C{x)-^-^'\y)-^-+'\l + \k-l\'-^')-\ 
where C is independent of fc, / G Z". Then we have 

sup / \Kki{x,y)\dy<C{l + \k-l\^''+y\ 

X J 

sup f \Kki{x,y)\dx<C{l + \k-l\^''^^y^ 
y J 

which implies, by Lemma (2.11 

\\nT;\y^^,<c{i + \k-i\'-+')-\ 

Similarly, we have 

\\nT,\\^,^^,<c{i + \k-i\'-^')-' 



if we take 



Then we have 
where 

7(j) = (i + ijr"-^^)"^' 

and it satisfies the estimate 

By Lemma 123 we have the L^-boundedness of T^^. □ 



4. Applications 

In this section, we explain how to use Theorem 13. II to show the smoothing effect 
of generalized Schrodinger equations. The main tool is a class of Fourier integral 
operators of the form 

(4.1) 

where : \ — M" \ are C°°-maps satisfying ip o ip~^{^) = i})"^ o ■?/;(^) = ^, 

= AV^(0, and ^"^AO = for all A > and ^ G M" \ 0. We remark 

that we have 

(4.2) T^uix) = F-'[iF,u)mmx), T-\{x) = F"^ [(F.n)(^-^(0)] (x), 

where {F^^ resp.) denotes the (inverse resp.) Fourier transform. Hence, we have 
T^^ ■ = ■ T^^ = id, and the formula 

(4.3) T^-a{D)-T-' = iao^p)(D), 



15 



where a{D) = ^a(^)Fx. By fl4.2|) and Plancherel's theorem, the operators 
and are L^-bounded. Furthermore, as a corollary of Theorem I3.H we have the 
following: 

Corollary 4.1. Suppose m G Z and \m\ < n/2. Assume that \det dip{^)\ > C > 0. 
Then the operators and T7^ defined by ()4.1|) are L^^iW^) -hounded. 



Remark 4.1 . By Corollarv l4.1l and the interpolation, we have the L^(M")-boundedness 
of and T^^ with m G M such that |m| < {[k]- denotes the greatest integer 

less than k). 



Proof. We prove the boundedness of T^, from which the boundedness of ^ follows. 
Let x{C) £ be a cut off function of the origin. By ()4.2|1 . we have 

(1 - x{D))T^u{x) = (27r)-" j j e^(-«-?'-^(0)(i _ x{i))u{y)dydi. 



1 ./IR" 



Since is smooth away from the origin, (1 — x{D))T^ is L^-bounded by Theorem 
13.11 On the other hand, if we note 

_ ^ 1+^^ 

we have, by change of variables and integration by parts, 
xiD)T^u{x) 




-^T^M + 2-^ ■ dx{D)T^u + M 



and 



where 

A{0=x{^-\0)\detdij-\0\di^-\0, a(0 = -*9{x(^-'(0)|det9^-^(0|}, 
d{0 = \detdm\- 
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We remember here that is L^-bounded. Assume that is L^^^_-^-|-bounded with 
some k < n/2, /c G N. We remark that x{D), d{D) and all entries of dx{D), dip{D), 
A{ip{D)), \D\a{ip{D)) are L^^-^ -j^^-bounded, and \D\~^ is bounded from L'^_fj^_i-^ to 
L^^. To justify these boundedness, use the results of Kurtz and Wheeden |18j, Stein 
and Weiss ^24j. Using them, we obtain the L^-boundedness of x{D)T^ from ()4.4|) . 
and L^^-boundedness from ()4.5p . Then, by induction, we have the desired result. □ 

Now, let p{C,) G C°°(M'" \0) be a positive function which satisfies p{XC,) = Ap(^) for 
all A > and ^ G M*" \ 0, and let 

L,=p{a,f = F-'p{0'F, 

be the corresponding Fourier multiplier. Assume that S = = 1} has non- 

vanishing Gaussian curvature. We consider a generalized Schrodinger equation 

UQ) / {idt + Lp)u{t,x) =0, 

\ u{0,x) = f{x). 

If we take 

(4.7) ^(0=p(0-^^^^^ 



we have the relation 



ivp(or 



(4.8) ■ (-A,) ■ T^' = Lp 

by ()4.3|) . and the L^^^-boundedness of the operators and T^^ by Corollarv 14.11 In 
fact, the curvature condition on E means that the Gauss map 

^P _ ^ on—l 



: S ^ 5" 



(4.9) 



\Vp\ 

is a global diffeomorphism and its Jacobian never vanishes (see Kobayashi and Nomizu 
[inj). Hence, we can construct the inverse C°°-map ip~^{0 '^^ i^iO^ can justify the 
assumption of Corollary 14.11 Applying T^^ defined by 1)4.11) with ()4.7|) to equation 
()4.(i|l . and introducing v = T^^u and g = T^^ f , ()4.(j|l can be transformed to the 
equation 

' (z^i- A,)w(t,x) =0, 
f(0,x) = g{x), 

by ()4.8|) . It has been already known that classical Schrodinger equation ()4.9p has the 
global smoothing estimate 

(4-10) |k(X, /^)t^||i2(K,xMS) < C'||^||^2(K„), 

where n > 3 and 

a{X,D) = {x)-\DY/\ 

See Ben-Artzi and Klainerman |3j, Simon 22 , Kato and Yajima ^3], or Walther 
|27j . From this fact, we can extract a similar estimate for generalized Schrodinger 
equation ()4.6|) . In fact, we have 

= M{l+p{Dfy'%v = MT^{DY'^v 
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where 

M={Dy/^{l+p{Df)-'^\ 
Here we have used the formula ()4.3|) with a(^) = (1 + I'CP)^^^- Hence we have 

a{X,D)u = {xy^MT^{x)a{X,D)v. 
Since M is L^-|^(]R")-bounded by Theorem ll.il and by Corollarv 14.11 we obtain 

||cr(X, L))M||^2(]KjxMg) — ^ll/llL2(Mg) 

from estimates ()4.10|) and 

Thus, we have obtained the following result which was partially proved for a type 
of polynomial by Ben-Artzi and Devinatz 2j, and fully for radially symmetric 
by Walther [2H]. 

Theorem 4.2. Suppose n > 3. Assume that S = {C,',p{0 = 1} ^^■^ non-vanishing 
Gaussian curvature. Then the solution u{t, x) to equation ()4.6p has the estimate 

In Theorem 14. 2| the order " — 1" for the weight is the best possible one because of 
the estimate for the low frequency part (Walther [27], j2H])- But, if we replace {D)^^"^ 
by l-D]"'^''^, we have another type of estimate 

for 5 > 1/2. Chihara [H] obtained this type of estimates for rather general 

our forthcoming paper [21], we use our main result Theorem 13. ll to obtain a refinement 

of this estimate. 
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